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We identify the quantum group Uwish) in the L-operator of r^-model for a generic w as a 
subalgebra of U q (sl2) with w = q~ 2 . In the roots of unity case, q = q, w = oj with q n = uj n = 1, the 
eigenvalues and eigenvectors of XXZ-model with the U q (sl2)-cyclic representation are determined 
by the T^-model with the induced [/^(s^-cyclic representation, which is decomposed as a finite 
sum of T^^-models in non-superintegrable inhomogeneous TV-state chiral Potts model. Through 
the theory of chiral Potts model, the Q-operator of XXZ-model can be identified with the related 
chiral Potts transfer matrices, with special features appeared in the n = 2N, e.g. N even, case. 
We also establish the duality of T^-models related to cyclic representations of U q (sl2), analogous 
to the r^-duality in chiral Potts model; and identify the model dual to the XXZ model with 
C/q(s^2)-cyclic representation. 
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1 Introduction 



The r^-model is the six-vertex model first appeared in the TV-state chiral Potts model (CPM) in 
[11] as an adjacent model for the study of chiral Potts transfer matrix in the frame work of the 
Baxter's TQ-relation [5]. Together with a set of r^-models and functional relations among the 
various transfer matrices [10], one can determine all the eigenvalues of both matrices, hence solve 
the eigenvalue problem of CPM [1, 6, 7, 9, 20, 25]. One also expects the eigenvector problem of 
CPM should equally rely on the -eigenvectors as well, as already revealed in the relation of state- 
correspondence in the duality of chiral Potts model [27]. Furthermore, the recent progress made on 
the eigenvector problem in superintegrable TV-state CPM for odd N in [28] again showed the vital 
role of r^-model about the degeneracy symmetries of r^-eigenspaces through its equivalent spin- 
— ^ XXZ-chain. It is known that the theory of quantum group Uq^sfa) for a generic q stemmed 
from the study of XXZ-model as an equivalent formulation of the Yang-Baxter (YB) relation (2.3) 
of L-operator [14, 17]. In the case when q is an iVth root of unity for odd N, the XXZ chain with 
cyclic representation was identified with the chiral Potts -model in [26, 27]. The observation 
and arguments there can be further extended to a general setting for a quantum group U q (sl2) 
with a generic q. In this work, we find a quantum subalgebra Uw(sh) of U^sfo) for a generic 
w (= q~ 2 ) (see (2.5) in the paper), with an associated L-operator satisfying the YB relation (2.6) 
of r^-model. The understanding of local state vectors of a statistical r^-model is thus reduced 
to the representation theory of Uw(sh)- The theory of iV-state CPM is in essence the study 
of Q-operator associated to XXZ-chains with the cyclic representation in the root of unity case: 
q = q, w = oj a primitive nth and Nth root of unity for n (> 3), N (> 2) respectively with the 
relation 

q' 2 =u, q n = lu n = 1, n = N odd, or n = 2N. (1.1) 

The aim of this paper is to find an explicit relationship between XXZ-chains of [/^(s^-cyclic rep- 
resentation and non-superintegrable iV-state chiral Potts model, with especial attention on even iV 
case; and explore the duality theory connected to XXZ-models with cyclic representation. Since 
every cyclic representation of U q {sl2) induces a representation of U L0 (sl2), the XXZ-model with 
an [7 (? (s^2)-cyclic representation gives rise to a r^-model, denoted by T^ 2 ^(t) in (3.41), with the 
induced U^s^-cyclic representation. Correspondingly, the ABCD-algebra, i.e. the monodromy 
algebra, of the XXZ-model is generated by ABCD-algebra of T( 2 )-model and . Hence one can 
study the XXZ-model with a cyclic representation through its induced T^ 2 ) -model. By the rep- 
resentation theory of U w (sl2), we find that a T( 2 )-model with the chain-size L is decomposed as 
(n/N) L sub-models, each of which is isomorphic to some chiral-Potts r^-model with inhomoge- 
neous vertical rapidities. The K 2 -operator of XXZ-model gives rise to a pairing of these sub-models 
with identical eigenvalues and eigenvectors, also with similar Q-operators. By this, the eigenval- 
ues and eigenvectors of XXZ-model are obtained , and the Q-operator can be identified with the 
chiral Potts transfer matrix. In the duality theory of CPM in [27], r^-duality is the equality 
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of two r^-models by identifying the "ordered- and disordered-" state vectors through the spin- 
and-face- variable-expression of a r^-transfer matrix [8]. We would like to examine how far the 
r( 2 )-duality in CPM can be extended to XXZ-models with cyclic representation. First, we notice 
that the r^-duality of CPM for the sub-models in the decomposition of T^ 2 \t) can not be carried 
over to XXZ model, partly due to the fact that the duality works on transfer matrices only, not 
as ABCD-algebra- or Uu,(s/2 ^representations. However, we are still able to find a spin-and-face- 
expression of the transfer matrix of XXZ model with cyclic representation, and identify the model 
dual to it. It turns out the dual model of XXZ-chains with cyclic representation is an another 
type of r^-model, T^ 2 \t) in (3.44), dual to the T^(t) inherited from XXZ-model. This shows 
the dualities involved with XXZ-models all depend on the duality of r^-models, which we expect 
also serves the fundamental role in the duality of XXZ-model with a representation of U q (sl2) other 
than cyclic representations. 

This paper is organized as follows. In section 2, we provide a Uw(sZ2)-quantum group formula- 
tion of r^ 2 ) -model for a generic w, as a parallel theory to the quantum group U^sfo) in XXZ-chains 
for a generic q. We then derive some basic properties about the monodromy-(ABCD)- algebras 
of the general t^ 2 ) -model. Afterwards, we shall concern only with the root of unity case (1.1) for 
the rest of this paper. Section 3 is devoted to the study of r^-model and XXZ-model with cyclic 
representation (of L^,(s^) and U q {sl2) respectively). In subsection 3.1, we first recall the cyclic 
C n -representation of U q {sl2), and describe its related cyclic representations of Uuish); then present 
a detailed structure about the representation theory of L-operators in -model and XXZ-model 
with cyclic representation. In subsection 3.2, we study the structure of XXZ-model and T^-model 
induced from cyclic C n -representation of U q (sl2)- Each irreducible component of r^-model with 
the induced cyclic C n -representation is isomorphic to some -model associated to A-state CPM 
with (possible) inhomogeneous vertical rapidities. By this, we are able to find the connection about 
eigenvalues and eigenvectors between XXZ-model and t^ 2 ) -model in CPM. Section 4 is devoted to 
the discussion of duality of r^-models and XXZ models with cyclic representation. First in sub- 
section 4.1, we recall the 7~( 2 )-duality in CPM; and then in subsection 4.2, we study the duality of 
r ( 2 )_ m odel with cyclic C n -representation, and find the duality between t^ 2 **- and T^ 2 -* -models. In 
subsection 4.3, we examine the relationship between the r^-dualities found in the previous two 
subsections. The T^-T^^-duality agrees with the r^-duality in CPM only in the n = N odd 
case, but differs in n = 2 A case. In subsection 4.4, we identify the T^ 2 ) -model as the dual model of 
XXZ model with cyclic representation using a spin-and-face-expression of the XXZ-transfer matrix. 
Section 5 is the discussion of the relationship between CPM and XXZ model with [/^(s^-cyclic 
representation. First, we recall some basic notions and the duality in CPM in subsection 5.1. Then 
in subsection 5.2, we identify the chiral Potts transfer matrix as the Q-operator of XXZ model with 
cyclic representation. 

Notation: In this paper, we use the following standard notations. For a positive integer 
A greater than one, denotes the vector space of A-cyclic vectors with the canonical base 

27T1 

\a),a G Zjy (:= Z/7VZ). For a Ath primitive root of unity oj, e.g. u = e~, the Weyl operators 
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X, Z (with respective to oj) with the relations, X N = Z N = 1 and XZ = oj 1 ZX, are defined by 

X\a) = \a + 1), Z\a) = oj a \a) {a G Z N ). 
The Fourier basis {\k}} of {|<r)} is defined by 

\k)- 



, JV-l 1 N-l 

^ CT =o v iV fc=0 



(1.2) 



with the corresponding Weyl operators, X\k) = \k + 1), Z\k) = ui k \k) satisfying XZ = oj l ZX. 
Then the following equality holds: 

(X,Z) = (Z,X- 1 ). (1.3) 
The Fourier bases of ® C are denoted by 

|(Ti, . . . ,<jl) := |oi) <g> . . . ,<8htl, or |^i, . . . , fc L ) := <g> . . . , <8>|£:l), (aj,kj£Z N ). 

2 Quantum Group Theory of r^-model 

For a generic q G C\{0, ±1}, we denote w = q~ 2 . It is well-known that the quantum group U q (sl2) 
is the algebra generated by K~ ,e ± with the relations K^K^r = 1 and 



Kh ± K^ = q ±1 e ± , [e+, e~] = 



K — K~ 



q - q 



-l ' 



(2.1) 



Define the L-operator with non-zero complex parameter p, u G C: 

L ( s ) (= L (s;p>^)) = 



p vzsK 2 — i/ 2 s Kz (q — q )e~ 



y (q — q 1 )e + u^sK^ — puis l K 2 

The quantum group U q {sl2) is characterized by the YB relation, 

R( S /*')(L(s) ® 1)(1 ® L( S ')) = (1 (9) L(*0)(L( a ) ® 1)R(-/A 



(2.2) 



(2.3) 



aux aux 



with the symmetric i?-matrix [14, 17]: 



R(a) 



/ s x q — sq 1 









s 1 — s q — q 1 
q — q _1 s^ 1 — s 



V 















s _1 q - sq" 1 J 



By setting i = s 2 , the modified L-operator, —suzK 2 L(s) with the gauge transform dia[l, — su2q\, 
is expressed by 



L(t) (=L(t-- P ,u)) 



1 - tup- l K- 1 (1 - w)£T \ 
-tu(l - w)E + -tu + pK- 1 J ' 



(2.4) 



where E + = —q 2 K 2 e + ,E = K 2 e . The quantum subalgebra of U^sh) generated by K ±1 ,E ± , 
with the generator-relation: 

KE ± K- 1 = w^ 1 E ± , wE+E- - Er E+ = (2.5) 

will be denoted by U w (sh)- Then the L-matrix in (2.4) satisfy the YB equation, 

R(t/t')(L(t) ® i)(i ® L(t>)) = (1 ® L(t'))(L(t) ® l)R(t/t') (2.6) 

aux aux aux aux 

with the asymmetry i?-matrix 

' tw- 1 \ 

t-l w-1 

Bit) = 

t(w-l) (t-l)w 
v tw-l J 

Indeed, the generator-relation (2.5) of XJw{sh) is characterized by the YB relation (2.6) of the 
L-operator (2.4). Hence a representation of U^s^) or Uwisfa) is equivalent to a representation 
of the L-operator (2.2) or (2.4) satisfying the respective YB relation. Two representations of 
L-operator (2.2) or (2.4) are equivalent if and only if the induced equivalent representations of 
Lq(s^) or Uw(sh) are equivalent with the same parameter p, v. In this paper, we shall also make 
the identification of the quantum-algebra representation and L-operator representation when no 
confusion could arise. 

For a chain of size L, we assign the L-operator (2.2) or (2.4) at the Ith site, and form the 
XXZ-monodromy matrix 

(Six Ma) = [ ^ ®l S \), L t (s) = Us; Pt ,u) at site ^; (2.7) 



and r^ 2 * 1 -monodromy matrix 



<S>ti L e(t) = ^ ^ ^ j , L e (t) = L(t; W , u) at site 1 



(2.8) 



By the relation between L-operators (2.2) and (2.4), the monodromy entries of (2.7) and (2.8) are 
related by 

Aw = (-.^j^jw **» = <-.^Pq*x*§:>, (2.9) 

! L 1 

where :=(g) LT £ 2 . Equivalently to say, the XXZ-(ABCD)-algebra (2.7) is generated by the t^ 2 '- 
(ABCD)-algebra (2.8) and if 2, with the relation (2.9) between their algebra-generators. For an 
integer r £ Z, the YB relation of the monodromy matrices yields the commutating relation of the 
r- twisted traces: 

T(s) = A(a) + q~ 2r D(s), T^(t) = A(wt) + w r D{wt) (2.10) 
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L L 

for s G C and t € C, as a one-parameter family in (g) U q (sl 2 ) or (g) U ff (sl2) respectively. Then 
we have the relation, [T(s),i^2] = [r^ 2 ^(t),i^] = 0, which indeed follow from the commutative 
relations of Kz,K and monodromy entries in (2.7) or (2.8): 

D(s) D(«)> B( S ) q iB(a)' £) (t) £) (t) ' g (t) w £> (<) 

By (2.9), the r-traces of r^ 2 ) and T in (2.10) are related by 

T ( 2 \t) = (-q- 1 s) L AK^T(q- 1 s), t = s 2 . (2.11) 

For given pg, u, a [^(s^-representation on C d gives rise to a commuting family of transfer matrices 

T(s) or T^ 2 \t) on C d with the L-operator induced from (2.2) or (2.4) respectively. In particular, 
when pg = 1, v = q d ~ 2 , the spin-^p- (highest weight) representation of C/q(s^) on C d = ©^Iq 

id(e fc ) = qTV, e + (e fc ) = [£;] q e fe_1 , e~ (e k ) = [d - 1 - k] q e k +\ 

K(e k ) = w^r 1+k e\ E + (e k ) = -w^- k [k}e k -\ £-(e fc ) = w^r 1 [d - 1 - k]e k+1 , ~" 

where [n] q := ^p^pr > [ n ] := T^w > f° r ^ ne XXZ chain (2.7) gives rise to the well-known homoge- 
neous XXZ model of spin-^- (see, e.g. [16, 21, 22] and references therein). Note that in (2.12), 
e +(e°) = e-(e rf - 1 ) = E+(e°) = ^(e^ 1 ) = 0. 

Remark. In (2.7) and (2.8), the L-operator, 1 Lg{s) and Lg(t), are assumed with the same value 
of the parameter v in (2.2) and (2.4). However, one may also consider monodromy matrix defined 
by lig(s) = L(s; pg, vg) and Lg(t) = L(t; pg, vg) with pg, vgs distinct, and form the transfer matrix 
T(s;{pe,Ui}),T ( - 2 ^(t;{pg,U£}) as in (2.10). Since the L-operators in (2.2) and (2.4) satisfy the 
relations, 

L(s;pg,vg) = L(Qs;pg,u), L(t; pg,vg) = L(£gt; pg,u), vg = 

the transfer matrices T(s; {pg, ve}), (t; {pg, vg}) are reduced to those in (2.10) with the same v 
by 

T(s;{pg,vg}) = T(tfs,...,4s), T(a) = T( a ,...,a); (2 13) 

r^{t;{pg,vg}) = r^{^t,...^ L t), TW(t) = rW(t,...,t). 

3 XXZ-model and r^-model with Cyclic Representation 

In the root of unity case (1.1), we let |<j)'s or |fc)'s (a, k G Zjv) of be the Fourier basis in (1.2), 
and (X,Z),(X,Z) the Weyl operators (with respective to co), in (1.3). Similarly, for the cyclic 
n-space C n , the Fourier bases (with respective to q) will be denoted by 

ft» = -LE «"*>»> k)) = ^EA ^6Zn, (3.1) 

v n CT=0 v n k=0 

with the Weyl operators (X' , Z'), (X' , Z') defined by 

X») = \a+ l)),Z'\a)) = q k \a)); X'\k)) = + Z'\k)) = q k \k)). 
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Then the relations X'Z' = q~ x Z'X' , X'Z' = q^Z'X', and the identity (X' , Z') = (Z\ X'- 1 ) hold. 
First, we describe some special cyclic C^-subspaces of C n for later use. Denote 

/ -i-(-i) n f 1 if n = N odd 

c(n = 2 4 = <^ 

V ; \ 2- 1 / 2 if n = 2N. 

Lemma 3.1 Consider the cyclic N-vectors in C n , 

\a)) + := c(n)| - 2a)), |a))_ := c(n)| - 2a + 1)) G C n (a G Zjv), 
and i/ie linear transformations 

p± . c n — > = = g- fc |fe) (A; G Z n ). (3.2) 

Define the cyclic N-subspaces of C n , 

C + = Ell 1 C|a» + = J2k=i C\k)) + , \k)) + := l(\k)) + |fcT JV)», fg 3) 

C- = Ell 1 C|a»_ = Ell 1 C|*»_, (*»_ := i(g fe |l)) + 9*+"|* + JV)», 

where \k}}± 's are basis of C^, related to \cr}}± 's by the N-Fourier relation: 

\k))± = ^E^= 1 ^\a)) ± , \ a )) ± = ^^=o 1 ^ k m±, {<r€Z N ). 

Then 

(i) P+ = P-Z', and Z~ x p- = P+ z ' ' ■ 

(ii) The C^-bases in (3.3) interchange under C n -Weyl operators via 

Y > . k»+ _ k»- 7 , . k»+ _ ^ CT k»+ . f, . f*»+ _ 7 , . fe>+ [*»_ 

-k»-^k-i»+' z ■ k»- ^<^k+i»-' - ^,-i|£pi>_' Z -^»_^u,-^» + ' 

(3.4) 

which C N -Weyl operators of are induced by 

{X'~ 2 ,Z'), (X',Z'~ 2 ) for C+- (X'-^q^Z'), (qX',Z'- 2 ) for C~ . (3.5) 

Furthermore, the C n -operator X identifies the N -spaces by 

X'(=Z'):C+~C-, \a)) + ^\a))-, (3.6) 

and are isomorphic to C N under p± in (3.2) respectively: 

p±:C ± ^ C N , \a)) ± m- \a), |fc)>± ^ \k). (3.7) 

The automorphism (3.6) descends to the following C N -automorphisms via p± in (3.7): 

c n ft c+ t c - ft c N , \k) i ^ C w ^ C" I' C+ ^ Cl |ife) m- ^ffc). (3-8) 

(Hi) When n = N odd, C n = C ± with (|<7»_, jfc))_) = (|<r + ^))+, g fe |^))+), and the projec- 
tions (3.7) define isomorphisms between C n and C N , preserving the Fourier basis. When n = 2N , 
C n = C+ © C~, and the kernel of (3.2) Ker(p T ) = C ± . Hence \a))±, \k))± 's form a basis of C n . 
In both cases, the Weyl operators of C n and C N are related by 

p±X'- 2 = Xp±,q^ 1 p±Z' = Zp±, (^ q^ k p±X' = Xp±,p±Z'- 2 = Zp±). (3.9) 
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□ 

We shall also consider another kind of cyclic iV-subspaces of C n . 
Lemma 3.2 Consider the cyclic N -vectors in C n , 

\k))l := c(n)| ^2k)), \k))l := c(n)| - 2k + 1)) G C n (k G Z N ), 
and the linear transformations 

pl:C n ^ C N , pl(\a))) = \a), pl(\a))) = q°\a) (a G Z n ). (3.10) 
Define the cyclic N-subspaces of C n , 

ct+ = E AT-1 ck))tf = E N-1 C p fc)) t +) )(j)) t + ;= 1 + ^ + 

C t- = El- 1 1 C|a)) t _ = Ef=i 1 C|fc)) t _, |a)) t _:=i(^|a))+^^|a + iV))), 
wii/i i/ie relation of basis: 

T/ien 

(nj TTie C n -Weyl operators interchange the C'^ -basis in (3.11) by 

' k))- <?I <t + 1 )}- ' ' k»l k»V ' W- l*=i>t' ffc»i ^ffc»l' 1 j 
fry which the C N -Weyl operators of are induced by 

(X',Z'- 2 ), (X'-\Z') for Ct+; (g- 1 ^', Z'" 2 ), (X'-^q^Z') for CK (3.13) 

Furthermore, the C n -operator Z'~ x identifies the N -spaces 

Z'- 1 (=X'):Ct+~Ct", |a))V^k))L, |fc))t + ^|fc))l, (3.14) 

and Ct± are isomorphic to C N under p\_ in (3.10) respectively: 

pi : Ct± ~ C", la))! m- la), |M (3.15) 

The automorphism (3.14) descends to the following C N -automorphisms via p± in (3.15): 

C N i ct+ I' ct - P i c * |a> ^ |a); C w ~ Ct" £' tf+ ^ C", |a) ^ u,». ( 3 - 16 ) 



(iiij Wfcen n = iV odd, C n = Ct± wtto (|<r))L, jfc))L) = (q- a \o-))l,\k + ^))\.), and (3.15) 
defines the isomorphism between C n and C N , preserving the Fourier basis. When n = 2N , 
C n = © with = Ker(p^), and |o"))±, |&))± 's /onn a basis of C n . /n both cases, the 
Weyl operators of C n and C N are related by 

plx' = q^Xpi,piz'- 2 = Zpi, (^ pix'~ 2 =Xpi,q^piZ> = Zpi). (3.17) 

□ 
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3.1 The L-operators of XXZ-model and r^-model with cyclic representation 

Consider the cyclic-representation of U q (sl2), i.e. the three-parameter family of £/ g (^^representation 
on the cyclic space C n with parameters q^, q~^' and q £ , denoted by s £ ,</>,</>', and with the following 
expression in terms of C n -Weyl operators: 

1 H q—q ^ q—q 

or equivalently, a expression using the spin-operators (X',Z') = (Z',X' _1 ) (see, e.g. [12, 13] or 
[26, 27]). By (2.2), the ^(^-representation (3.18) is equivalent to the YB relation (2.3) of the 
L-operator of XXZ-model: 

sp-^q^Z'^-s'^q^Z* q'^qf'^Z' - q^'-^)X'^ 

q e {q t + iZ>-i- q -<t>-iZ>)X> sJq^Z'-s^pu^q^Z'- 1 f 

The above representations are all irreducible except a special one in n = 2N case which is equiv- 
alent to the spin- 11 ^- representation in (2.12). The [7^ (^^representation (3.18) induces the C n - 
representation of L^(s^) where the generators in (2.5) are expressed by 



K = ^'-<PZ' 2 E + = q ^+e d-^- 1 Z'- 2 )X> E - = ±j£-e il-<J>'+*Z-*)X-i (3 . 20 ) 



The L-operator (2.4) with the C n -representation (3.20), 

L(t) = ( \ ^-d - , t (3 . 21) 

\ -tvq^+^l-Lu-^Z'-^X' -tv + pq^'z'- 2 

then satisfies the YB relation (2.6). By (3.9), representations in (3.20) descend to the following 
three-parameter family of cyclic C^-representation of U w (sl2) via p + in (3.2): 

K = qt>'-t>Z-\ E+ = g ^(l^gM | E - =q ^-e(i-^z)X-^ (3 . 22) 

By employing the cyclic representation (3.22) of U w (sl2) on the two-parameter family of L-operator 
(2.4), one obtains the following five-parameter L-operators of the cyclic C^-space appeared in re- 
model of the TV-state CPM [11]: 

Ht) =( ^^fXz 1 )' fr*) = ( x > z - 1 )> ( 3 - 23 ) 



where as in [27], the parameters a', b', a, b, c are related to e, (f>, <f>' ,p, v by : 

-4,-4,' -4,-4,' 

a = pv q 2 , waa= p v , b = q 2 ^ b b = v , c = p q q 



(3.24) 



1 Here the parameter (a', b', a, b, c) is equal to (u^a 1 , u~W, v~a, b,c) in formula (4.17) of [27]. The difference 
is due to L(t) in [27] is identified with the gauge of — svi K ~ C(s) by dia[l, — sq], instead of dia[l, — suiq] in this 
paper. 
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Note that representations in (3.22), when changing q £ to oj~ n q e , or equivalently, (a', b', a, b, c) to 
(uj~ n a' ,cu n b' ,oj n a,co~ n b, c) for n G Z, are equivalent. For convenience, through a factorization of c, 
we shall express the parameter of L-operator in (3.23) by 

L(t;p',p):=L(t), p' = (a', b', d'), P=(a,b,d), c = d'd. (3.25) 

We shall also write p' + := p',p+ := P- Through p_ in (3.2) and relations in (3.9), the U u (sl2)- 
representation (3.20) and L-operator (3.21) descend to the cyclic C^-representation (3.22) with e 
replaced by e — 1, hence the L-operator (3.23) with parameter (p'_, p_), 

L(t; p'_,p_), p / _ = (a'_,b'_,d'_), p_ = (a_,b_,d_), (3.26) 

where (p'_, p_) is related to (p', p) by 

(a'_,b'_,a_,b_,c_) = (g- 1 a',gb',ga,g- 1 b,c), c_=d'_d_, (d'_,d_) = (d',d). (3.27) 

The relation (3.27) is equivalent to the gauge-equivalence of L-operators: 



L(t; p'_,p_) =dia[l,g x \L(t; p' + p+)dia[l, q], & 
ZL(t- p' + , p+)Z~ 1 = dia[l, q- l \L(t- p'_, p_)dia[l, q\. 



(3.28) 



The L-operators in (3.25), (3.26) are related to the C n -representation in (3.20) in the following 
result in [26]: 

Lemma 3.3 The N-subspaces of C n in (3.3) are irreducible components of the U LJ (sl2)- 
representation (3.20) defined by the Weyl operators in (3.5). As XJ^s^) -representations, is 
equivalent to L(p^_, p±;t) via the morphism p± in (3.7). For n = N odd, C n ~ with the equiv- 
alence between given by = q k \k)) + . For n = 2N, C n = C + ©C~, which is equivalent to 
L(t; p' + , p+) © L(t; p'_, p_), as \] ^(sl^) -representations. 

Proof. It is obvious that with the Weyl operators in (3.5) are irreducible components of U u (sl2)- 
representation C n in (3.20). The rest statements follows from the relations (3.7), (3.22)-(3.26), 
and Lemma 3.1 (Hi). □ 

Through the substitution (3.24), we shall also use the parameter (p', p) in (3.25) to represent the 
L-operators £{s), L(t) in (3.19) and (3.21): 

which are related by 



£(*;p',p)= 



(3.29) 



L(t; p'p) = dia[l, -s(b'b)^q] ( - s (-^)lz'- 1 £( S ; p'p))dia[l, -^(b'b)^- 1 ] ^ 
£( S ; p'p) = dia[l, -a-^b'b)^" 1 ] ( - s'^^-)^ Z'L(t; p / p))dia[l, -s(Wb)^q}. 



(3.30) 
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Corresponding to (3.28), we have 

£( S ;p'_,P-) = Z'- 1 £(s;p' +P+ )Z', C(s; p' + , p+) = Z'C(s; p'_, P-)^" 1 ); 

L(t;p'_,P-) = Z'- 1 L(t;p' + p + )Z', L(t; p' + , p+) = Z'L(t; p'_, P-)^" 1 ). 

Indeed, by (3.16), the second relation in (3.35) is equivalent to the gauge relations in (3.28). 

There is another type of cyclic (^"-representations of (2A) W=0J associated to the following 
U u (sl2) representation: 

K = ^-*Z'-\ E+=q ^ + e(l-»-*-^')2'-\ E - =g ^e(l-^_f)X^ (3 . 32) 

with the L-operator 

Lt(t;p', P )= ( J~t h l^ %Tf u % 2 ')' @>2) = (X'>*- 1 )- ^ 

The representation (3.32) and L-operator (3.33) are obtained by the replacement of (X 1 , Z'~ 2 ) in 
(3.20), (3.29) by (X'- 2 ,Z r ). By (3.17) and (3.24), the representation (3.32) and L-operator (3.33) 
descend to the C^-representation (3.22) with the parameter (e±, <fr±, <j)±) and L(t; p']_, p±) in (3.23), 
via p\_ in (3.10), where the parameters are defined by 



(4, <f>l, 4) = (e, <f>, 0'), pj = p' = (a', b', d'), P f + = P = (a, b, d); 

(el , ^_,4>1) = (e,<P+ \, 0' - i), pi = (a', b', d'), pL = (a, b, dq). 

As in (3.35), we have 

Lt(t;p / t,ptj=x'- 1 Lt(t;p']pt + )A > ', (^ V (t; p'l p{) = X'V (t; p'l, pl)X'- 1 ), (3.35) 

which by (3.16), is equivalent to 

L(t; p'i, p f _) = X-2 L (t; p'lp{)X^, XL(t; pj, p^A" 1 = X3L(t; p'j, pl)X^ , 

where X~ := X' . Note that the above relation is similar to that in (3.28), but not in a form of 
gauge equivalence. As in Lemma 3.3, we have the following result: 

Lemma 3.4 The N-subspaces of C n in (3.11) are irreducible components of the U 0J (sl2)- 
representation (3.32). As U u (sl2) -representations, is equivalent to L(p±,p±;i) via the mor- 
phism p± in (3.15). For n = N odd, C n ~ with the equivalence between given by 
= q-"\a))\.. For n = 2N, C n = C t+ © C t_ is equivalent to L(t; pj, pj_) © L(t; pi, pi) as 
(sl2 ) -representations. 

□ 

The following lemma describes the equivalent representations in (3.18), (3.20 ) or (3.32) under the 
change of parameter (p ; , p). 



(3.34) 
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Lemma 3.5 We define the l-twists of p = (a, b,d) by 

p(l):=( a q l ,bq- l ,6), p[Z]:=(a,b,cV), (I € Z n ). (3.36) 

Lei £(s; p', p), L(i; p', p) and L'(£;p',p) &e i/ie L-operators in (3.29), (3.33) with the parameter 
(£,(j),(f)',p,u) defined in (3.24). For 1,1' G Z n , /et (e°, (p , p°, u°), (e°, 0°, <f>'°, p°, u°) be the pa- 
rameters in (3.24) corresponding to (p'(— /'), p(/)) , (p'[/'], p[Z]) respectively, related to (e, </>, (f)' , p, v) 
by 



(3.37) 

q e° = q e^ q j>° = q 4>+— j g -<^ = q ~4> +— ; p ° = p> = ^_ 

T/ien 

(%) The C n -representations, s e ^^i and s £t> ^ ^ ofU q (sl2) in (3.18) (or the induced U^is^)- 
representation in (3.20)), are equivalent if and only if I — I' = 2m {m G Z n ), where s £<> ^ = 
^X' m Z'~ l )s £ :< f, ^i(Z a X'~ m ). In particular, the L-operators in (3.29) are equivalent if and only 
1 = 1' € Z n; w/iere C(s; p'(-l), p(/)) = Z'~ l C(s; p', p)Z n , and L(t; p'(-Z), p(Z)) = Z'-'L(t; p', p)Z a . 
Furthermore, the C N -representations of U u] {sl2) in (3.22) for (e, (ft, <f>') and (e°, (jf , </>'°) are equiva- 
lent if and only if I = 2n, I - V = 2m G 2Z n; where (3.22) £<> ^ ^ = {X m Z n ){?,.22) e ^^{Z~ n X- m ). 
In particular, the L-operators in (3.23) are equivalent if and only if I = I' with L(t; p'(—l), p(l)) = 
Z n L(t;p',p)Z- n . 

(ii) The representations (3.32) of U^s^) f or 4>° 7 4> ° ■> P° 1 u °) * n (3.37) are all equivalent for 
I', I G Z n ; the same for the L-operators L^(t; p'[l'], p[l]) in (3.33) with the relation lJ(t; p'[l'], p[l}) = 
X'~ ( J '+0 lJ{t; p', p)X'( l ' +l \ Furthermore, the equivalence of C N -representations (3.22) for (e° , <j)° , <j)' c 
and L-operators L(t;p'[l'],p[l]) in (3.23) is given by the condition: I' + I = 2m G 2Z n; where 
L(t;p'[l'],p[l}) = X m L(t;p',p)X~ m . 

□ 

Remark. (I) In Lemma 3.5 (i), the representations s £0 ^ for (p'(— /'), p(/)) and (p'(— I'+N), p(l+ 
N)) are equivalent with the same p°, v° . The parameter (p'_, p_) in (3.26) is equal to (p'(— 1), p(l)) 
with C(s), L(i)-relation in (3.35). When n = N odd, s £< , ^ for /, G Z n are all equivalent with 
m = [l — l'){^f-) G Z n . However, in n = 2N case, the requirement of the constraint I — I' = 2m 
for equivalent representations in (3.18) is necessary. Furthermore, in n = N odd case, one has 
L(t; p'(-0,p(0) = Z^^L(t;p',p)Z — 2 — , hence L(t; P±)P±) are equivalent. When n = 2N, 
since 1 2Z n , L(p±,p±;t) are not equivalent with non-isomorphic (5/2 ^representation (3.22). 
(II) The (pi, pi) in (3.48) is equal to (p'[0],p[l]) in Lemma 3.5 (ii). Hence L(t; p'!,pL) = 
X—L(t; p'l, p ] + )X^^~ for n = N odd case. When n = 2N, L(t; pj_, p!j_) are not equivalent. 

For convenience, we shall also use the following convention to identify the index ± in Lemma 
3.3 with Z 2 : 

7 = ±:=±l = (-l) i o i = V = 0,lGZ 2 . (3.38) 
For a positive integer L, {±} L will also be identified with Z2 via 

i = (ii,...,i L )€Z£ o ((-l) i S...,(-l)^)€{±} L , 



12 



in particular, = (0, . . . , 0) <H> (+, . . . , +), 1 = (1, . . . , 1) <H> (— , ...,—). We shall also denote 
i + 1 : = i + 1 g Z2 • 

3.2 The r^-model and XXZ-model with cyclic representation 

For a chain of size L, we consider the r^-model (2.10) defined by L-operator (3.23) with parameters 
{(p'i e ,Pie)}e=v 

®ii^;^,P i£ )=(^* ) ) r( 2 )(t;{p^},{ Pl J) = A(t)+^(t), (3.39) 

satisfying the boundary condition 

\a L+l ) = \a l -r) = ^ _rfel V (3.40) 



and the periodic-parameter condition (p'^ +1 , Pl+i) = (p'i, Pi). Then T^ 2 \t; {p'^}, {Pi e }) commutes 
with the charge operator Z{:= Yl^Zi), which is the same as the spin-shift operator X(:= YlgXg) 
with the eigenvalue uj® for Q G Zjy. The XXZ-model and r^-model in (2.10) with the monodromy 
matrix (2.7), (2.8) and L-operator (3.29) will be denoted by 

<§) C(s; p'p) = f f. S ] ® ( . S \ ) , T(s)(= T(s; p', p)) = ,*(,) + q^V{s)- 

\ C{S) {S) \ (3.41) 
® L(t; p', p) = ( *® ^ , T( 2 )(t)(= T ( 2 )(t;p',p)) = A(a;t) + ^'D(^), 

satisfying the boundary condition 

|a L+ i» = |(7i+r'» 1^!))=^!?!))). (3.42) 

Then [T(s),Z'] = [T( 2 )(t),Z'- 2 ] = 0, where Z' = H e Z' e (= X' = Ui^'e)- The eigenvalue of Z' 
and Z'~ 2 will be denoted by q Q ',u: Q for Q' G Z n ,<2 G respectively. By (2.11) and (3.30), the 
transfer matrices in (3.41) are related by 

T (2) (i) = ( _ a9 -i ) L ( <^ ) f^-i r(g -i s) ^ r(a) = ^L^^z'T^iu-H). (3.43) 

Similarly, we denote the r^-model in (2.10) with the L-operator (3.33) and the boundary condition 
(3.42) by 

<g>Lt(t;p',p)=( £JW j^J, TtW(t)(= T tW(t;p' > p)) = At( w t) + a;-'Dt( w t). (3.44) 

The Z' _2 -eigenvalue of T^ 2 )(t) will be denoted by u/^. 

In this subsection, we study the relation between the t^- and XXZ-model in (3.39), (3.41) 
and (3.44). For T^(t),T(s) in (3.41), we assume the boundary condition in (3.42) is related to 
(3.40) by r' = 2r (mod n). First, we derive the relation between (3.39) and XXZ-model in (3.41). 
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For i = (ii, . . . G Zf with Z2 identified with ± in (3.38), we define the following sub-quantum 
space of T^-model: 



Pi(-= ®tp(-vfi) ■ & - ® L C^, \h,.. . ,k L )) 7 (-.= (Selke))^^) *-> |fci,... ,fc L ), 



where C 1 * 1 , p± are in (3.3) (3.2). Then C* is a sub-representation of the ABCD algebra of T^-model 
in (3.41). By Lemma 3.3, p-^ in (3.45) induces an equivalence between the T^^-monodromy matrix 
on C % and r^-monodromy matrix (3.39) with 

(P^.Pi/) : = (P'(-1)*/.P(-I)v). ( 3 - 46 ) 

where (p±,p±) are defined in (3.25) (3.26). Note that the parameter in (3.22) for the C N - 
representations of U LU (sl2) associated to L(p^_, p±;t) differ only in e and e — 1, in particular with 
the same v in (2.8). Through p? in (3.45), T"( 2 )(i) on is equivalent to T^ 2 \t; {p'^}, {p^}) via 

T(2) (*)|d = Pf ■ r (2 \t; {p' H }, { Pie }) • p., (3.47) 

with the relation Z'~ 2 = p7 x ■ Z ■ p?. Indeed by Lemma 3.3, the structure of T^-model is given by 

Proposition 3.1 Let T^ 2 \t) be the -model in (3.41) with the boundary condition r' = 2r in 
(3.42), and (p' ie , pi e ) the parameter defined in (3.46). Then 

(i) When n = N odd, C n = C l for i G , as representations of ABCD algebra in (2.8), 
and T^ 2 )(t) ~ (t; {p'j }, {p« £ }) via (3.47). The equivalent relations of C l 's are induced by the 
isomorphism C° ~ C % : \k\, . . . , >-> |fci, . . . , kj}/)-?. 

(mJ When n = 2iV, L C n = 0^2^ ^* as re V rese - n ^ a ^ ons of ABCD algebra in (2.8), hence 
relations in (3.47) give rise to the isomorphism T^(t) ~ 0^ g ££ T< ' 2 ' ) (^ {p'i £ }> {Pi*})- 

□ 

We now use results obtained in Proposition 3.1 to study the XXZ-model in (3.41). By (3.43), the 
transfer matrix T(s) differs from T^(t) by a scale factor and a multiple of Z' , which interchanges 
C % and C t+1 by (3.6). Indeed, Z 1 identifies the T( 2 )-transfer matrix on these subspaces as follows: 

Lemma 3.6 T( 2 )(t)| C - = Z' ~ lr r( 2 \t)^ ci ^ 1 Z' . As a consequence, the t( 2 ) -eigenvectors G C l and 
G C i+1 with the same eigenvalue are related by = Z'(v^) (up to a non-zero scale). 

Proof. By (3.4), Z' induces an one-to-one correspondence between C 1 and C t+1 , which is related to 
the ((g) L C Ar )-automorphism He Zg) H via the projection p^s in (3.45) as follows: 



C A C+\ |fci,...,fc L )) ? h+ u-^ l ^\k 1 ,...,k L )) i _ 

Pi 4- 4- Pj-pi 4- 4- 

) L C N ® L C N , \ki,...,k L ) cj-^i l ^\k u ...,k L ). 
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By (3.28), one obtains the identification 

r (2) (t;{pUK}) = (n W 2 ^;{pW^+i})(II^)- 

I i 

L 

Indeed, the gauge relation in (3.28) corresponds to the action of Z' of ® C n , hence follows the 
result. □ 

Proposition 3.2 Let T{s) be the XXZ-model (3. 41) with the boundary condition r' = 2r in (3.42), 
and (p'i„,Pi e ) be the parameters in (3.46). Then 

(i) When n = N odd, (g) L C n = Cforte (Z 2 ) L , as representations of XXZ-(ABCD-) algebra 
in (2.7). The XXZ-transfer matrix T(s) in (3.41) is related to t^ 2 \u~H; {p' i( }, {p ie }) by 

T(s) = pf ■ (-s) L (^)^Z^r^(u J -H;{p' te },{p le }) ■ Pp 

(ii) When n = 2N, we define = C 1 ©C i+1 for a coset [t\(:= {t,i + 1}) e Z%/(1). Then one 
has the decomposition o/® L C n as representations of XX Z- algebra (2.7): 

® C n = 0{C [?1 I [i\ e z£/(l)}. 

The transfer matrices T(s) and T^ 2 \t) on each C$ are related by (3.43). Indeed, T -eigenvectors in 
are v^±q~ Q v i ^ 1 with the eigenvalue ±q Q '(-^(^j^T^fw" 1 *) and Z n -charge Q,Q + N 
respectively, where v^v^ are the t( 2 ) -eigenvectors in Lemma 3.6 with the T^ 2 ) -eigenvalue T^ 2 \t) 
and Zjy -charge Q. 

Proof, (i) follows easily from Proposition 3.1 (i) and (3.43). When n = 2N, Z' interchanges the 
factors in Therefore is a component of ® L C n as representations of XXZ-algebra. The 
result about T-eigenvectors in follows from Lemma 3.6, where T^ 2 * 1 -eigenvectors v?, v i ^ l are 
related by Z'(v*) = v^ v Z'{v^) = u~^v, . □ 

Remark. When the pair (i, i + 1) is changed to (i + in Lemma 3.6, (ih*, v i r 1 ) are replaced by 
(t^-p oj~®v^), by which the T-eigenvectors v^±q~Qv i j£ 1 in Proposition 3.2 is changed to v i _p 1 + q®v^. 

We now study the structure of T^-model in (3.44). For i = e Zf, define the 

parameter and the sub-quantum space of T^ 2 ) -model: 



(pj.pi) := (p^.p}.^), <$=®fi\ C <g) L C n , (Cj :=Ct(-^), 

pt( := <^p|_ i)i£ ) . C t? ~ 0i C w , l^, ... , a L ))t(:= ®/k<))J_ 1}i , ) ^ ki, . . . , <T L ), 



(3.48) 



where (pj, p±) and C^, p± are defined in (3.48), (3.11), (3.10) respectively. Similar to Proposition 
3.1 and Lemma 3.6, the relation between the r^-models in (3.39), (3.44) is given by 
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Proposition 3.3 Let T^ 2 \t) be the -model in (3.44) with the boundary conditions r' in (3.42) 
related to r in (3.40) by r' = -r (mod N). Then T^ 2 \t)^ = pl~ X ■ T^ 2 \t; {p-J}, {pfj) • pi, by 
which X ~ 2 = pi 1 • X ■ pt, and the following results hold: 

(i) When n = N odd, ® L C n = for i G 7^, as representations of ABCD algebra in 
(2.8), and T^ 2 \t) ~ T^- 2 \t; {p^}, {p! £ }); where the equivalent relations among C^ 1 's are induced by 
Ct ff ~C^; \a 1 ,...,a L ))l^\a 1 ,...,a L ))t 

(ii) When n = 2N, ® L C n = ©^z^ ^ % as re P resenta ^on,s of ABCD algebra in (2.8), hence 

T t(2) w^© ?eZ ^( 2 )(t;{p;;},{pij). 

(Hi) Tt( 2 )(t) |ct? = X'- 1 Tt( 2 )(t) |ctl _ Fl X / , hence the T^ 2 ) -eigenvectors vl G and G C^+i 
with the same eigenvalue are related by v.^ = X' (vl) (up to a non-zero scale). 

□ 



4 Duality of r^-models and XXZ-models with cyclic representa- 
tion 

In this section, we discuss the duality of r^-models with cyclic representation, as a generalization 
of the t( 2 ) -duality in CPM [27]. 

4.1 r^-duality in chiral Potts model 

In this subsection, we recall the r^-duality in chiral Potts model in [27]. Consider the r^-model 
r( 2 )(i; {p'^}, {p^}) in (3.39) with the boundary condition (3.40). Then r^ 2 )(t; {p'^}, {p^}) preserves 

the Q-subspace V t> q of with the following (Hermitian) orthonormal bases: 

V r ,Q =® ke C\k 1 ,...,k L ) (Ee=ih = Q (mod TV), fc L+1 = w -^fci) 
= ©„, C\Q; ni ,...n L ) (Eii^ = r (mod N), n L+1 = w^m), 

where \Q; m, . . . n L ) := N' 1 / 2 E^=o u~ Q(Jl \a u . . . a L ) with a e - a e+1 = n e (see, e.g. [3, 4, 15] in 
r = case, and [27, 28]). Define the dual correspondence between (r, Q)- and (r*, Q*)-spaces (with 
respective to local C^-basis {|cr)}, {|n)}) ([27] (3.16)): 

* :V rtQ —>V r .,Q., \Q;n 1 ,...n L )^\n 1 ,...,n L ), (Ee=i^ = r) (r* ,Q*) = (Q,r); (4.2) 

and duality of parameters p G C 3 ([27] (3.9) 2 ): 

p = (a,b,d) — »• p* = (a*,b*,d*) := (ad, bd~\ cT 1 ). (4.3) 

The following lemma is used in the study of r^-matrix and r^ 2 ) -duality in CPM ([8] (2.14)-(2.15), 
[9] (3.48), [27](3.3)-(3.9)): 

2 For the discussion of the chiral Potts model, the duality of rapidities in [27] (3.9) differs here by a constant a = i~ 
as described in Remark of Proposition 4.1 in this paper. 
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Lemma 4.1 Let 

1((;P ' P)= 1l?«;p',p) L!( 4; p',p)J- P=(=,b,d),p = (=,b,d), 
be L-operator in (3.23) with p' , p in (3.25). Denote 

p',p) = (a|C'(t;p',p)|a"), !£'&"(*; P*, p") = <^|^'(t; p*, p'*)|P>, 
where a, a" , fc*, fc*" G Zjv, m, m', n, n' = 0, 1. Define 

E(p') m .X :=u;-™F p ,(a-a",m), E(p)-"- m ' := w mV '^-f F p (a - a", m') 

^P,p'(^g):=E m =0 1 l E (P)« :roE (P , )m;6 

/or a, 6, c, (i G Zjv, where 

% = -wt, F P (0,0) = 1, E P (0,1) = ^, F p (l,0) = g, F p (l,l) = ^d, 
F p (a,m) = if a ^ 0,1. 

T/ien 

ft L™ V ;V; p', p) = E(p') m; ^£;(p)j"; m ' for a, a" G Zjv, m,m' = 0, 1. 
(wj ^p,p'(alb) = if a — d or b — c ^ 0,1, and 

U P ,Ai\b) = L n k k* (w*;p*,p'*) when (a- d, 6- c) = (n,ri),n,ri = 0,1, 
w/iere a-b = k*,d-c = k*" G Z^v- 

Proof, (i) follows from (3.23) and the definition of E(p') m .<^' and E(p)^" ; m '. One also finds 
U p , p >( d a \ c b ) = Yl ^ m(d - b) (-^tr- d - m F p (a-d,m)F p/ (b-c,m) 

m=0,l 

whose non-zero values are determined by entries of 

LM, p,p 
Then (ii) follows. □ 

Using Lemma 4.1 and (4.4), one finds the product form of T^ 2 \t; {p'^}, {Pi e }) ([9] (3.44a)fc = o,j=2, 
[8] (2.16)): 

r^{t;{p' H },{p k }) { ^\ = J] U Pt , pl ^\%X\\ (4.6) 

e=i 

where U p p '(f |£) are defined in (4.4). Note that by the boundary condition (3.40), E(p' L+1 ) m; = 
( J j mr E{p l 1 ) m - ^, which contributes the o/-factor in (3.39). 

Proposition 4.1 ([27] Proposition 3.1) Let p|,p'^ be the dual of pe,p' £ in (4-3), and ^ be the dual 
correspondence between V r ,Q and V r * t Q* with (r*,Q*) = (Q,r) in (4-2). Then r^ 2 \t; {p'^}, {p^}) 
on V r ^Q is equivalent to T^ 2 \t; {p* ( }, {p'* +1 }) on V r * t Q* by 

(t; {p' it }, {p le }) = (t; {p* }, {p'*, +1 })*. (4.7) 
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Proof. By (4.6) and Lemma 4.1, one finds 

<Q; m, . . . n L |r( 2 )(t; {p' l£ }, { Pi J)|Q; n' 1; . . . n' L ) = (n u . . . n L |r< 2 > (t; {p*}, {p'* • • • , n' L ). 
Then the result follows. □ 

Remark. One may modify the duality of parameters in (4.3) by defining p* = (aad, abd -1 , d -1 ), 
where a is a scale constant. Then £^ p , p '(alfc)in (4.4) = dia[l, a~ l ]L{ut*; p*, p'*)dia[l, a] with t* = a 2 t, 
by which the duality (4.7) again holds if r {2 \t- {p* }, {p'* e+1 }) in (4.7) is changed to r^ 2 \t*; {p* }, {p'* 



4.2 Duality of t^-models with cyclic representation 

We now study the duality of r^-models T^(t; p' , p),Tt( 2 )(t; p',p) in (3.41), (3.44) with the bound- 
ary condition (3.42). As in (4.1), these r^ 2 ) -models preserve the Q'-subspace V' r i q, of ® C n , which 
is generated by the following orthonormal bases: 

K',Q' = ®k t C|fci, . . . ,k L )) (Eii h = Q' (mod n), k L+ i = q r ' kl h) 

= n , C|Q';ni,...n L » (E[=i ^ = -r' (mod n), n L+1 = q-^m), 

where m, . . . n L )) := n" 1 / 2 E"r=o <T QVl ki, • • • o"l)) with ^ - = . There is the 

dual correspondence between (r',Q')- and (r *,Q *)-spaces (with respective to the local C n -basis 
with (r'*,Q'*) = (-Q,-r): 

*' : K',Q'^^, Q '*> |Q'; «!,...«£» -> \ni,...,n L )), (Et=ini = -r (mod n)). (4.9) 

As the r^-model in Lemma 4.1, the L-operator of t^ 2 )- and T^^-model can be decomposed into 
a product form: 

Lemma 4.2 Let 

L°(i;p',p) Lj(t;p',p) \ . , / L t0 (i;p',p) L n (t; p' , p) \ 

L?(i;p',p) Ll(t;p',p)J' 1 ' P ' Pj { L^t; p> , p) L^f; p>, p) ) ' 

6e L-operator in (3.35), (3.33) with p', p in f3.,25j. Denote 

IC'f fcp'.P) = «a|L™'(t;p',p)|a"», L^M.p) = «<r|L#*' (t; p', p)|o">>, 

where a, a" G Z n , m,m' = 0, 1. Define 

E(p') m X := g-^(=^,m), E(p)f; m ' := g "»V'S^2Zajr p( ^l >m / ); 

Et(p') m; CT ; := c—F p ,(a-a",m), Et(p)f: ™' := u,™ v '^f F p (a - a",m'); (4.10) 
Up.p'^lg) :=E m=0 ,i E (P)a ; m E(p') m; c „ Uj^lg) :=E m=0 ,i Et (P)a ; m Et(p') m; c fe 

for a,b,c,d £ Z n wraf/i ^2- and F p (a,m) in (4-5). Then 

(i) The (m,m')th entry of L, L^ -operator for m,m' = 0,1 are expressed by 

l:YM;p'.p) = E(p') m; CT ;E( P )f i Lt^"M;p',P) = Et( P ') m; -"Et( P )*"; ■»', 



L(t; p',p) = 
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where a, a" G Z n . 

(ii) U PjP / and U p , are expressed by 



«A;*|L + S'(a^; p*, p'*)|A;*"» if (a-d,b-c) = (-2n, -2n'), n, n' = 0, 1; 



, ....... 

otherwise. 
, — - / — (4.11) 

n t #( d|c ) = / <(fclLS(wt;p*,p*)|fc*")) if (a-d,6-c) = (n,n'),n,n' = 0,l; 

p ' p a b I otherwise. 



w/iere a — b = k*,d — c = k*" G Z n , and p*, p'* are £/ie dnaZ o/ p, p' in (4-3). 

Proof. By the definition of E(p'), E(p) and E^(p'), E^(p) in (4.10), the spin-operator expressions of 
(3.29) (3.33) yield relations in (i). (ii) follows from the expression of U PiP ',U pp , in (4.10): 

u P , P K^lg) = E m =oa^ 6 H-^^- m ^p(^,^(4 t£ ^), 

U P , p , (%) = £ m=0 ,i ^ m(d - h) {-utf- d - m F p {a - d, m)F p , (b - c, m) 
whose non-zero values are entries of the following respective L-operator: 



Lt(^;p*,p'*); 
LM;p*,p"). 



□ 

Using Lemma 4.2 (i) and (4.10), one finds the product form of T^(t; p', p), T^ 2 ) (t; p', p): 

T «(t; P ', P )|:f } } = nil u p , P 4'i&), Ttw ( t; P ', P) |< } = n [ =1 u PiP 4'i^)- 



By the boundary condition (3.42), one finds E(p') m; = g~ mr 'E(p')m;^ 1 i , Et(p / ) m . 
w" mr E^p'jm; c?!, which provide the factor of the second term in (3.41) or (3.44). By (4.11), 
one finds 

«Q'; m, . . . n L | T ( 2 )(t; p', p)\Q>; n[, . . . n' L )) = «ni, . . . n L | T t( 2 )(t; p*, p'*)K, . . . , n' L )); 
«Q'; m, . . . n L | T t( 2 )(t; p', p)|Q'; n' l5 . . . n' L » = . . . n L | T ( 2 )(t; p*, p*)\n[, . . . , n' L ». 

Hence we obtain the duality between r^-models in (3.41), (3.44) as r^ 2 ^(t; {p'^}, {p^}) in Propo- 
sition 4.1: 

Proposition 4.2 Ze£ p*, p'* be the dual ofp, p' in (4-3), and Vl/' &e t/ie dwa/ correspondence between 
V;, Q , andV' rUQU with (r'*,Q'*) = (-Q,-r) in T/ien t( 2 )(£; p', p), Tt( 2 )(i; p', p) on V r ,, Q , is 

equivalent to T^ 2 \t; p* , p'*), T^ 2 \t; p* , p'*) on V/* q/» respectively by 

T( 2 \t; p', p) = V'-^Wit; p*, p'*)*', Tt( 2 )(t; p', p) = tf'-M 2 )^; p*, p'*)*'. (4.12) 

□ 
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4.3 Comparison of r^-duality and t^-duality 

By Proposition 3.1 and 3.3, T^(t) and T^ 2 \t) can be decomposed as a sum of r^ 2 ** -models via the 

subspaces C ? ,C t? of <g> C n for iGZ^in (3.45) (3.48) respectively. Indeed, by (3.47), T (2 \t) {c7 ~ 
T^ 2 \t; {p'j,_i}, {p^}) with (p'j , pjj in (3.46) and the boundary condition r' = 2r (mod n). Simi- 
larly, t"K 2 ) (t)| C+ ? — T^ 2 \t; {Pjj}, {pj £ }) with (p^, pjj in (3.48) and the boundary condition r' = —r 

(mod iV). One can lift the basis of V r ,Q in (4.1) to C\. q and C\ 1 q, denoted by 

4,q =e ke C\h,...,k L )^ =® ni C\Q;n u ...n L )) ? , 
cf, Q =® k( C\k 1 ,...,k L ))t =® nt C\Q;n u ...n L ))t, 

with Yd=ih = Q,T,e=i n e = r (mod N), where \k 1 , . . . ,k L }}^, \Q; m, . . . n L ))^ \k x , . . . k L ))l, 
\Q;ni, . . . n,L,}}l are basis elements corresponding to \k\, . . . , ki), \Q;ni, . . . til) of V r ,Q via the pro- 
jection p*, pi in (3.45) (3.48). By the expression of C ± ,C^ ± -basis in (3.3) and (3.11), one finds the 
relationship between the subspaces in (4.13) and (4.8) as follows: 



CigQV> QI , only if Q = Q',2r = r'; 

C\\ Q C V;, Q/ , only if i = : r' = -r, -2Q + Y,iH = Q', 



in particular, C\.q is not contained in any V^q,. Hence in n = 2N case, the T( 2 )-duality in 
Proposition 4.2, with the r^-decomposition of T^ 2 \t), T^ 2 \t) in Proposition 3.1, 3.3, is different 
from the r^-duality in Proposition 4.1. Indeed, the difference can also be seen in the inconsistency 
of parameter of r^-duality in Proposition 4.2: 

T ( 2 )(t; p', p) |cr ~ r< 2 )(t; {p'_}, {p_}), T t( 2 )(i; p*, p'*) |ctr ~ r^(t; {p% {p'**}); 



;, c r — ' - ' \V-S)i 1 "I'iCiH J\cn 

T t( 2 ) (i; p', p) |ctr ~ rt( 2 ) (i; {p'j}, {pi}), T ( 2 )(t; p*, p'*) |c r ~ r( 2 ) (t; {p*_}, {p'*_}). 



L - 

In n = iV odd case, one can identify C n with C° or C'° in Proposition 3.1 or 3.3. 

Proposition 4.3 When n = N odd, one has the identical quantum subspaces, V^,q, = C®q = C ® g t 
with Q' = Q = —2Q\r' = 2r = — (mod N), and the identification of basis elements in (4-8), 
(4.13): 



\ki,...,k L })$= \h, . . . , k L )), \Q;n 1 ,...n L )) 5 = \Q';-2m,... -2n L )), 

\k\,...,P L ))l=\^2k 1 \...,-'2k L 1 )), |Qt;n},...4))t = \Q';n{,...n[)), 



with J2e=i = Qi Y^i=\ k\ = Q^, Z)&=i n £ = r ) X^=i n j> = r ^ (mod iV). W^i/t i/te identification of 
-models in Proposition 3.1 and 3.3, 

(r( 2 )(t;{p'},{p}),r( 2 )(t;{p*},{p'*})) ^ (t (2) (^ p', p), T t(2) (*5 P*, P*)) ^ (^(t; p', p), T ( 2 )(t; p*, p'*)) , 
the duality relations in (4-12), (4-7) are the same. 



20 



Proof. By (3.3), (3.11) and (4.14), we obtain (4.15). On the dual space in (4.12), one has V^ Ql , = 
Cr*,Q* = *-v*t o*t w ^h Q'* = Q* = —2Q*\ r* = 2r* = — r*t, and the identification of basis elements: 

|%, . . . ,P L )) g = |%_.,%», _ \Q*;nt, . . . n* L )) s = \Q'*;-2nl, ... - 2n* L )}, 
\k\\ k* L % = \-2k?, . . . , -2*?», |Q*t ; n *t, . . . n *t))t = | Q '* ;n *t ; . . . n J >>> 

with £/=i /c| = Q*, E/=i = Q* 1 ", EjLi "J = r*,T,e=i n f = r * t - Then the following conditions 
are equivalent, 

(r'*,Q'*) = (-Q-r) * (r*t,Q*t) = (Q,r) & (r*,Q*) = (Qt, r t). 
Then the dual correspondence in (4.9) becomes 

\Q;ni,...n L )) 5 ^ \n 1: . . . , n L ))l, |Qt; n\, . . . n\))t ^ |n{, . . . , n\)) s , 
by which, the dualities (4.12) and (4.7) are equivalent. □ 

Other than the situation in Proposition 4.3, the t( 2 ) -duality (4.7) in Proposition 4.1 can not be 
lifted to the duality between T( 2 )(i;p',p) and T^ 2 \t; p*, p'*), neither between T( 2 )(i;p',p) and 
t( 2 )(£;p*,p'*). In the latter case, the r^-model dual to (3.47) is r< 2 )(i; {p* }, {p'* e+1 }), whose 
-L-operator at £th site in (3.39) is defined by the parameter 

(Pi t , P i t+1 ) = (P+» P + )> (P-> P -)> (P+> P -) ° r (P-. P + )> 

i.e. the /-twist (3.36) of p* and p'* with the identification P(_i); = P*(0)P'(-i) ( = P'*( — f° r 
I = 0, 1. Hence T^ 2 \t; {p*^}, {p'^ +1 }) is not a component of the decomposition of T^ 2 ^(t; p*, p'*) in 
Proposition 3.1. Since XXZ-model is related to T^^-model by (3.43), the r^-duality in Proposition 
4.1 can not be lifted to a duality among XXZ-models. Indeed, we shall shown in the next subsection, 
the dual model of XXZ-model T(s; p', p) is given by T^ 2 \t; p*, p'*), so the essence of duality lies in 
the duality among -models. 

4.4 Dual model of XXZ-model with cyclic representation 

In this subsection, we derive the dual model of the XXZ-model T(s) in (3.41) with the boundary 
condition (3.42). As the L-operator of T^ 2 ) -model in Lemma 4.2, the L-operator of XXZ-model 
T(s) can be decomposed in the following product form: 

Lemma 4.3 Let 

^X(t-p*,p'*) rf-(t;p*,p'*) \ 

be the L-operator in (3.29), (3.33) respectively, where p' = (a', b', d'), p = (a, b, d) and p*, p'* are the 
dual ofp, p' in (4-3), (here we use 7 = ±(= ±1) in (3.38) as the auxiliary index of the L-operator). 
Denote 

aft' (s) = («( S ;p',p)K)), Ltf;"(t) = «P|£tf (t; p* jP '*)|p)) 



£(s;p',p) 



£|(s;p',p) £ + (s;p',p) 
£±(a;p',p) £l(s;p',p) 



Lt(t;p*,p'*) = 
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where a, a", k*,k* £ Z n , 7, 7', 5, 5' = ±. Define 



(b'b)T g -"^(_ s )-(l+m)jr p ,( <T _ (7 // j7 ) j ( m= i_7) ; 

y 



(b'bJ-r-g^^'+^C-a)"*'^-^^ - a", Y), (m' = ±^); (4.16) 



/or o,6,c,d G Z n; ^ere ^ = jr( + , + ) = (2j£)*, J" p (+,_) = -F p (- +) = 

(b)(^)^ ^"pK -) = <™* ^p(«>7) = if a ± ±1. T/.en 

ft = f (P') 7i f £(p)f ' 7 ' M e Z n; 7,7' = ±- 

(nj W P)P '(^|^) = if a — d or b — ±1, and 

Wp.p'C^lg) = -^(^j^f^t) when (a-d,6-c) = (0,0'), 0,0' = ±1, 
where k* = a — b,k* = d — c £ Z n . 

Proof, (i) follows from the spin-operator expression of £(s; p', p) in (3.29) and the definition of 
£(p\ f and £(p) a a " ; 7 '. One also finds 

j 1 1 — , (1 — l)(d—b+l) „ -y-a + d 

ZV(2lS) = -s- 1 E ^ 5 (-s 2 y—F p (a-d n )F p ,(b-c, 7 ), 

7=± 

of which the non-zero values form the following L-operator 
Then (u) follows. □ 

By Lemma 4.3 (i), T(s; p', p) can be expressed in the product form: 

T(s-pi,p)\f } =flU PtP ,C4\t + l), 

with the relation £ (p') 7; = o~ ( 2 7>r £ (p')i; £1 by (3.42), which contributes the g~ r '-factor in 
(3.41). Then Lemma 4.3 (ii) yields the relation 

((Q'; m,... n L \T(s; p' , p)\Q'\ n[, . . . n' L )) 
= (s)- L ( q ^^^((ni, ■ ■ ■ ffe|TtW( w -it; p*, p'*)|ni, . . . , n' L )). 

Hence up to a scale function, T^ 2 ^ {uj~ l t\ p*, p *) is the dual model of T(s; p', p): 

Proposition 4.4 Let p*, p'* be the dual of p, p' in (4-3), and ty' be the dual correspondence between 
V' r , q, and qU w ^ { r '*iQ*) = ( — Q> ~~ r ) ^ n (4-9)- Then T(s;p',p) on V r > t Qr is equivalent to 
M- L (^)lTt( 2 )( U -4;p*,p'*) onV r u Q u by 

T(s; p', p) = (- s )-^(<g^)f *'-i T t( 2 )(o;-H; p*, p'*)*'. (4.17) 
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□ 

By Proposition 4.2, T^ 2 \t; p', p) is also the dual model of T^(t; p', p), which is related to T(s; p', p) 
by (3.43). Note that the duality in (4.6) or (4.12) is the identification of dual -transfer matrices, 
not as the ABCD-algebra representation in (2.8). In particular, the operator Z' in (3.43) is not 
preserved under the duality correspondence in (4.12). This explains the reason why T^ 2 \t; p', p) 
serves the dual model for both T^(t; p', p) and T(s; p', p). 

5 Inhomogeneous Chiral Potts Model and XXZ model with cyclic 
?7 g (s/2)-representation 

2-n-i —1 

Let ui,q be roots of unity in (1.1). For convenience, we may assume uj = e~ , and q = —co~ when 

— 1 1_ Tri 

n = N odd, and q = ±oj 2 when n = 27V, where a; 2 := . By the gauge equivalence and the 
scaling of spectral parameter, the five parameters in the L-operator of t^ 2 ) -model in (3.23) (3.25 
) can be reduced to the 3-parameter family represented by two rapidities in the same fc'-curve of 
CPM model [24]: 

(a 1 , b', a,b,c) = (xp>,yp>,Xp,y p ,tJ,p>(j,p), p' = p' = (ay , y p > , n p > ) , p = p = (x p , y p , n p ), (5.1) 

with p, p' e 2Bfc' , defined by 

2U fc ,(= W k >, k ) : kx N = 1 - k'n~ N , ky N = 1 - k'fi N , (k /2 / 0, 1, k 2 + k' 2 = 1) (5.2) 

(see, e.g. [1, 9]). Here, is represented by Wk',k or 2Ufc',-fc> which are isomorphic via the 
transformation (x,y,fi) i-> (±oj2x, ±u>2 y, / u). 

5.1 Duality in chiral Potts model 

In chiral Potts model, the r^-model (3.39) are defined by the L-operators with the parameter 
P'i t = v' io Pi e = PU e 2% in (5.2): 

r {2 \t)=T( 2 \t;{p' ie },{p k }), t:=x q y q for q G 2%. (5.3) 



It is known that the Q" P era t or of r^-model (5.3) in the theory of Baxter's TQ-relation [5] is the 
d C^-transfer matrix in CPM [8, 9, 23, 24] 3 : 

T(q) {(T },{a>} (= T(q; {p' e }, {p e }) { CT },{ CT '}) = I\f=i W Peq {a e - a' e )W p > e+iq {a e+l - a' e ), 
T(q) W} , W > } (= T(q;{p' e },{Pi}) W} , W ' } ) = ULiW peq (a' £ - a'^W^a', - < +1 ), 

where q 6 Wk' in (5.2), a, a', a" £ Z^r are the spin-basis in (1.2), and W pq , W pq are the Boltzmann 
weights in CPM [10]: 

W pq (a) _ ,/W-rr Vg-^Xp W pq (a) _ ^ ux p -(Jx q 



3 We shift the index of in [27] (2.16) by one, where p' e is equal to p' e+1 of (5.4) here. 
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with Wp )9 (0) = W Pt g(0) = 1. Here both (5.3) and (5.4) are with the boundary condition (3.40) 
and the periodic-vertical rapidities {jp'l+iiPl+i) = (p'i,Pi)- The star-triangle relation of Boltzmann 
weights [2, 3, 10, 18, 19] yields 

T(q)?(r) = (^L) L T(r)f(q), f (g)T(r) = (^L) L f (r)T(q), 

Jpqjp'r Jp'qjpr 

with the commutative relations, 

[f (q)T(r),f (q')T(r')] = [T(q)f(r),T(q')f(r')] = 
for q,r,q',r' G 2%, where f„ = f ^f^aaitM ^/N . Then T(q),f(q) can be diagonalized via 

n„= 

two invertible g-independent matrices Pb,Pw, i-e. P^T{q)Ps = Tdi ag (g), P^ 1 T(q)Py/ = T^ g (q) 
diagonal so that f diag (<z) = T' diag ((7)(j £2 -) L D for some ^-independent diagonal matrix D ([9] (2.32)- 
(2.34), (4.46), [8] (2.10)-(2.13). The Baxter's TQ-relation is in the form of r^T-relation between 
(5.3) and (5.4) ([8] (3.15), [9] (4.31), [25] (2.31)-(2.32)): 

r^(t q )T(Uq) = ^ q T(q)+u; r Tp Uq XT(U 2 q), 
r^(t q )T(U'q) = u^' q XT{q)+Jff ulq T{U^q), 

where U,U' are automorphisms of (5.2) defined by U(x,y,fi) = (ux,y,fi), U'(x,y,fi) = (x,uy,fj,), 
and ip q (= <Pv t },to t }. q ),Tp q {= n P ' e },{ Pe y, q ), V>' q (= ( f / {j/ t },{ Pt }; q W q (= ^'{p'Mp&J are functions defined 

by 

(t p '-t g ){y Pe -ux g ) _ u» p 'to> t (tp t -t q )(x p i-x g ) 

^ = 11^ y Pl y^(x v ,-x q ) > <Pq = Ul " y vi y pl {y vi ,^x q ) > 

i uix vil i p il$ pl -t q )(x vt -y q ) _ f (t Pt -t q ){y pl -y q ) 

V« = Ut y Pl y pl {y pl -y q ) ' ^ = Ue y Pt y p ,{x Pl - Vq ) ■ 

We now discuss the duality of r^-model (5.3) in CPM. In order to preserve the vertical rapidi- 
ties in (5.3), we modify the parameter-duality (4.3) by a factor a = 'in in the Remark of Proposition 
4.1, so that the parameter-duality defines the dual rapidities between k'- and £/~ ^curves 2BV and 
W 1/k , ([27] (3.9)): 

2U fe / -^>2U 1/fc /, p= (xp,y p ,Hp) ^p* = := (i^x p fi p , \^y p ^ p \ n p X ). (5.7) 

Then the r^-duality (4.7) takes the following form: 

r (2) (*;0U K» = *-M 2 )(f;{^}, {p;^})*, f = (-l)*t. (5.8) 

The duality (5.8) can be extended to the duality of CPM. Indeed, T, T in (5.4) commute with the 
charge operator Z(= X), hence preserve the Q-subspace V r ,Q in (4.1). The Boltzmann weights 

(5.5) for dual rapidities in (5.7) are related by =ftyj = W p * q *{k) , = W p * q *{N - k), 

where W^(A;) = J2a=d u ka W pq (a), W$ \k) = J2a=d ^ ka W pq (a) are the Fourier transform 
of Boltzmann weights in (5.5), ([27] (3.17)). By [27] Theorem 3.1, when (r*,Q*) = (Q,r), the 
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chiral Potts transfer matrices (5.4), T(q; {p' e }, {pe}), f(q; {p' e }, {p e }) on V^q and T(q*;{p}}, {p' e * +1 }), 
T(q*; {p}}, {Pe\i}) on V r *,Q*, are equivalent via the dual correspondence ^ in (4.2): 

/ wi u ,(°)\ 

T(q*; {?}}, { P 't +1 }) = Ui 1 ^hr {P'A, Ox})*" 1 , 

\ w P£,q\ u ) / (r n\ 

/ ^.(0)X ^ 5 - 9 ) 

p 't' q 

where p},P£*,q* G %B*/k' are ^ ne dual of pe,p'(,q G in (5.7). 

5.2 Chiral Potts transfer matrix as the Q-operator of XXZ-model with cyclic 
^(s^-representation 

In this subsection, we study the t^- and XXZ-model, (3.41) and (3.44) with parameter in (5.1): 
p'=p',p = p£ 2U fc /. Then (p'_, p_) in (3.27) and {p'l, pi) in (3.48) become 

p'_ = (q~ 1 Xp>,qyp>,fj, p/ ), p_ = (qx^q^yp, fi p ), p'l = p , pl_ = (x p ,y p ,qn p ), 

which are elements in in n = N odd case, denoted by p'_,P-,p'l,pL- In n = 2N case, p'_, p_ 
are elements in Wk',-k, identified withp'„ = (x p >,uj~ 1 y p >, (j, p >),p- = {oj~ 1 x p , y p , /i p ) GWk'(= 2Ujt',jfc); 
and pl=pl£ %XS-k'- Hence parameters in (3.27) and (3.48) are identified with 

n = N odd : p'_ = (g -1 ay ,qy p > , fJ, p >),p- = {qx p ,q~ x y p , n p ),p'l = p',pi = (x p ,y p ,qfi p ), 

(p'_ , p_ , pi ,pi G 2%); ^ 

n = 2N : p'_ = (ay, u~ x y p > , H P >),P- = (w _1 ay y p , n p ),p'l = p',pl_ = (ay y p , qn p ), 
(p'_,p-,p'l €Wk>,pl e SHJ-fcO- 

Over the subspace C of (g) L C n in (3.45) for i£ tne equivalence of T (2) (i)(= T (2) (t;p',p)) and 
r ( 2 )_ mo( iel in (3.47) becomes 

T( 2 )(t) |c — T^{t-{p' H },{p ie }), p'i^p'^y^Pi^P^yeeWk'- (5.11) 

Hence we may regard T(q; {p' e }, {pe}),T(q; {p' e }, {pe}) in (5-4) as the Q-operator of ^^(t)^, with 
T ( 2 ) T-relation induced from (5.6). In n = N odd case, by Proposition 3.1 (i), ® L C n = C l ; then by 
Proposition 3.2 (i), the XXZ-model T(s,p' ,p) in (3.41) can be identified with t( 2 )(£) up to some scale 
function, by which one may consider T(q; {p' e }, {pe}),T(q; {p' e }, {pe}) as the Q-operator of T{s,p',p). 
On the other hand, since p'l,pL G SU/j by (5.10) , the Q-operators of the equivalent models in 
Proposition 3.3 (i), ^(t)^. ~ r^ 2 \t; {pj}, {pjj) with = pjl^,^ = p\_ iyi G 2%, are 

T (<?; {Pi\}, {Pi t }),T(q; {p^}, {p\ t })- In particular, when i = where = p^J = p',p ie =p\ ( =p for 
all the duality in Proposition 4.3 extends to the duality of Q-operators with p' e = p',pe = p,Pe = 
p'*,p* e = p*in (5.9). 

In n = 2N case, since p'l G 2U&',pt_ G 2H_&' in (5.10), the vertical rapidities p/,pj of the 
r ( 2 )_ mo del equivalent to T^ 2 )(t) on the component C^ 1 in Proposition 3.3 (ii) are not all in the 
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same /c'-curve when i ^ 0, hence the chiral Potts transfer matrix fails to be the Q-operator of 
Tt( 2 ) -model. For T^-model in Proposition 3.1 (ii), since the parameter v in (3.24) corresponding 
to (p'_,p_) in (3.27) and (p'_,p_) in (5.10) differ by w in n = 2N case, T^ 2 \t; {p' ie }, {pi e }) in 
(5.11) and r (2) (i; {p-J, {p k }) in (3.47) are related by the relation (2.13) with & = t>. There- 
fore, the Z'-identification between T^it),^ and T^ft),^^ in Proposition 3.2 (ii) corresponds the 
identification of T^ 2 \t; {p' i( }, {Pi e }) and T^ 2 \t; {p' ie+1 }, {pi e +\}) in (5.11) via the change of local 
spectral parameters at site £, t i— >■ u/ _1 ) l * + i. Then T(q; {p'g}, {pe}), T(q; {p'p}, {pe}) are identified 
with T(q; {p' e + 1}, {p$ + l}),T(q; {p' e + 1}, {p^ + 1}) with the compatible r^T-relation (5.6) via the 
change of variable q G 2#fc' at site t: (x q ,y q ,\i q ) h-> (x q ,ui Tl y q , fi q ) according to (p' i( Pi e ) = {p'±,p±)- 
Therefore, the two pairs of chiral Potts transfer matrices, (T(q; {p' e }, {pe}),T(q; {p' e + 1}, {p£ + 1})) 
and ({T(q; {p' e }, {pe}),T(q; {p' e +l}, {pg+1})), form the Q-operator of T(s;p',p) over the component 

CW of d C n in Proposition 3.2 (ii). 

6 Concluding Remarks 

In this paper, we first in section 2 characterize the quantum group Uw( s h) m th e i-operator 
of r^-model for a generic w as a subalgebra of the quantum group U q (sl2) in XXZ model with 
q~ 2 = w. Then we study the XXZ model with cyclic representation of U q (sl2), and its related re- 
models in the root of unity case (1.1). Through the representation theory of U^s^), we obtain the 
structure of XXZ- and -models, and their relationship with non-superintegrable iV-state CPM 
in sections 3 and 5. We also study the duality of XXZ- and -models with cyclic representation 
in section 4, and find the fundamental role of -models in the duality theory. One expects a 
similar structure will appear again in XXZ models defined by other representations of U q (sl2), not 
only for the cyclic representation in this work. The representation theory should provide a more 
direct access to the eigenvector problem of models related to r^-model, as indicated in [28] about 
the eigenvectors of superintegrable chiral Potts model. A program along this line is now under 
consideration, and progress is expected. We leave the discussion to future work. 
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